We show that the simplest cosmological system consisting in a homogeneous massless scalar field minimally coupled to a FRLW space-time enjoys a conformal symmetry under the 1D conformal group SL(2, R) acting as Mobius transformations in proper time. This invariance is made explicit through the mapping of FLRW cosmology onto conformal mechanics. On the one hand, this approach allows to write FLRW cosmology in terms of a AdS 2 phase space and a Schwarzian action. On the other hand, we identify the corresponding conformal Noether charges, as the Hamiltonian scalar constraint, the extrinsic curvature and the 3D volume, which form a closed sl(2, R) Lie algebra. Preserving this conformal symmetry at the quantum level fixes the ordering ambiguities in the Wheeler-de Witt quantization and allows to formulate FLRW quantum cosmology as a CFT 1 . In particular, the CFT two-points correlator is realized as the overlap of the evolution in proper time of cosmological coherent wave-packets. These results suggest new perspectives in classical and quantum cosmology, among which the construction of a FLRW/CFT correspondence. A.2 Physical trajectories from SL(2, R) flow 35 B SL(2, R) Unitary Representations 35 C Time overlap of thermal dilatation eigenstates 36 -1 -
Introduction
It is well known that cosmological and black holes spacetimes share many physical and mathematical features. Classically, information escaping beyond the cosmological horizon or falling inside the black hole cannot be recovered. Moreover, both cosmological and black hole horizons radiate at a temperature given by their surface gravity. As a consequence, cosmological spacetimes can be considered as thermodynamical objects equipped with an entropy and a temperature, just like black holes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . This striking feature of cosmological and black holes spacetimes suggests that their classical mechanics as described by general relativity is only a statistical description of micro-states associated to more fundamental degrees of freedom of the underlying quantum geometry. Understanding the nature of these micro-states, and therefore the entropy of cosmological and black holes geometries, remains one major challenge of modern theoretical physics and an ultimate goal of a quantum theory of gravity. Over the last decades, important efforts have been devoted to understanding the state counting of black holes. One major outcome was the discovery that some unexpected conformal symmetries emerge in the near-horizon region [11] [12] [13] . These conformal structures allow to import conformal field theory (CFT) results and build a universal effective conformal description of the thermodynamical properties of black holes, without relying on the details of specific quantum gravity proposals [14, 15] (see also [16] [17] [18] [19] [20] for the near-horizon of extremal black holes). Moreover, additional conformal symmetries were also found for test fields propagating on the near-horizon region in various black holes spacetimes and were used to re-derive many features of these black holes from a CFT perspective, such as their spectroscopic properties, the dynamics of super-radiant modes on the Kerr background, the low energy quasi-normal modes spectrum, the emission of gravitational waves and finally their state counting [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This body of results is known as the Kerr/CFT conjecture and its cousins [31] , which aim at building a consistent holographic description of black holes (see [32, 33] for reviews). While several important issues remain in their construction, the results obtained so far suggest indeed that the local physics near black hole horizons is well described in terms of CFT technics, based on an underlying conformal symmetry of the gravitational field in this region. From this perspective, the common features of black holes and cosmological spacetimes rise a natural question concerning the latter:
• Do hidden conformal symmetries exist in cosmology ?
• If yes, can the thermodynamical features of cosmological spacetimes be reproduced from an effective conformal description based on CFT technics ?
It turns out that unexpected conformal symmetries have also been found in the de Sitter geometry. As shown in [34] , test probes enjoy indeed a surprising SL(2, R) structure. Quasi-normal modes and propagators of these test fields can then be obtained from the SL(2, R) representations. In parallel, important efforts have been devoted to understand the thermodynamical properties of the de Sitter space from an holographic point of view, leading eventually to the well known de Sitter/CFT conjecture [35] [36] [37] [38] [39] . Yet, most of the results obtained so far concern the three-dimensional version of de Sitter. More conservative approaches to capture the asymptotic symmetries and their associated Noether charges for cosmological spacetimes can be found in [40, 41] . While these investigations provides crucial hints towards a quantum description of cosmological spacetimes, there is yet another approach one could consider to get some insights on these pressing questions.
From the point of view of quantum gravity, the quantization of cosmological backgrounds represent the simplest models one can build. By freezing all the gravitational degrees of freedom but the scale factor, and considering a non-trivial matter content such as a scalar field, one obtains a simple symmetry-reduced model which allows to test different quantization schemes. Performing a quantization using the canonical approach or the path integral one, one obtains a simple quantum theory encoding the quantum properties of a homogeneous region of space. Despite the apparent simplicity of such quantum cosmology, it is worth pointing that one still faces the crucial challenges inherent to the quantization of the gravitational field, such as the timeless nature of the Wheeler-De Witt equation and the realization of the quantum covariance. Most efforts in quantum cosmology have been devoted to provide suitable initial conditions for the quantum universe [42] [43] [44] [45] , as well as to discuss the fate of the classical Big Bang singularity at the quantum level (see [46] [47] [48] [49] [50] [51] for reviews). In this work, we would like to point that, if the thermodynamics and quantum properties of cosmological spacetimes can indeed be reformulate in CFT terms, quantum cosmology certainly provides the simplest framework to study these questions.
As a matter of fact, it turns out that recent investigations in canonical quantum cosmology have revealed an unexpected conformal structure in the phase space of the homogeneous and isotropic Einstein-Scalar system [52] [53] [54] . This structure is very similar to the one appearing in the simplest example of a one-dimensional CFT, the well-known conformal mechanics introduced by de Alfaro, Fubini and Furland (dAFF) in the mid seventies [55] [56] [57] [58] [59] [60] [61] . This simple mechanical model have found applications in a wide range of physical systems, see [62] [63] [64] [65] [66] for examples, and has recently regained attention due to its potential role in the the AdS 2 /CFT 1 conjecture [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] . The goal of the present work is to show that the dAFF model also plays a crucial role for classical and quantum cosmology. In the following, we shall therefore investigate deeper the conformal structure found in [52] [53] [54] for FLRW cosmology and clarify the concrete mapping with the dAFF model.
More precisely, we focus our attention to the homogeneous and isotropic Einstein-Scalar cosmological system. Surprisingly, we shall find that, additionally to the standard invariance under time reparametrization, the action of this system turns out to also be invariant under Mobius transformation of the proper time provided the scale factor transforms as a primary field. As a consequence, the cosmological action can be recast in the form of a Schwarzian action for cosmology. Moreover, following Noether's theorem, the existence of this new symmetry implies the existence of three new conserved charges in FLRW cosmology, associated to the translation, dilatation and special conformal transformations of the time coordinate. From the gravitational point of view, these new conserved charges have two surprising properties: they are time-dependent and they correspond to bulk currents. At the Hamiltonian level, we identify these Noether charges as (the initial conditions for) the extrinsic curvature C, the 3D volume v and the scalar Hamiltonian constraint H, and show that they form an sl(2, R) Lie algebra. This clarifies the physical meaning of the so-called CVH algebra for FLRW cosmology introduced earlier in [52] [53] [54] and provides a more complete picture of this structure.
This unexpected structure of the homogeneous and isotropic Einstein-Scalar system allows to build a straightforward mapping with the SL(2, R)-invariant conformal mechanic of de Alfaro, Fubini and Furlan (dAFF) [55] . Indeed, a simple reformulation of the gravitational system shows that the dAFF mechanics corresponds to the cosmological action written in proper time. Additionally, we show that the cosmological phase space is naturally endowed with the AdS 2 metric, which allows to identify the physical trajectories on the cosmological phase space as AdS 2 geodesics.
At the classical level, these findings show that, as anticipated in [52, 53] , the homogeneous and isotropic symmetry reduced Einstein-Scalar system is a covariant CFT 1 . This is rather surprising as GR is well known to not be conformally invariant. However, it appears that for a specific choice of foliation, this gravitational system enjoys indeed an exact SL(2, R) symmetry associated to bulk conserved currents. This provides a very simple example of an exact conformal symmetry in a symmetry-reduced sector of 4d General Relativity.
At the quantum level, this newly found conformal structure turns out to have farreaching consequences, as expected. Preserving the sl(2, R) charge algebra in a canonical quantization scheme, à la Wheeler-de Witt, provides a powerful criterion to narrow the quantization ambiguities and determine the operator ordering (see [52] [53] [54] about preserving the sl(2, R) structure for alternative quantization schemes). In the quantum theory, the natural question is then how do the usual CFT correlation functions appear in the quantum cosmology framework. We will show that the overlap between coherent wave packets evolving in time actually reproduces the universal form of the two-point CFT correlator. In order to derive this result, we will follow closely the approach proposed in [71] for conformal quantum mechanics. A crucial point is that the CFT correlator cannot be recovered in the standard way because there are no conformally invariant vacuum state in the present onedimensional setup. However, as shown for conformal quantum mechanics in [71] , it is still possible to identify non-normalizable states together with a quasi-primary operator such that both conspire to lead to the desired form for the correlator. The same technics will be used here. From a more general perspective, the reformulation of this quantum cosmology in term of a CFT 1 suggests that one could solve the model based solely on symmetry arguments and import the conformal bootstrap program [79] within quantum cosmology. This paper is organized as follows. In section-2.1.1, we present the Mobius invariance of the homogeneous and isotropic symmetry reduced action of the Einstein-Scalar system and write the cosmological action in term of the Schwarzian derivative in section-2.1.2. In section-2.1.3, we derive the associated Noether charges. In section-2.1.4, we establish the mapping with the dAFF model. In section-2.2, we investigate the Hamiltonian realization of the conformal symmetry and show its relation to the CVH algebra introduced in [52] [53] [54] . We then show that the Noether charges form a sl(2, R) Lie algebra. Section-2.3 is dedicated to showing that the cosmological dynamics can be fully integrated using the SL(2, R) group structure while Section-2.4.2 derives the cosmological trajectories from the AdS 2 geometry. Finally section-3 tackles the quantum theory. In section-3.1, we present the Wheeler-De Witt quantization preserving the sl(2, R) structure of the charge algebra. Finally, section-3.2 presents the derivation of the CFT 2-point function in the quantum cosmology seting. We conclude by a discussion on the research directions opened by our results on the conformal invariance of FLRW cosmology.
SL(2, R) Symmetry of FLRW cosmology
In this section, we review the lagrangian and hamiltonian formulation of FRLW cosmology filled with a massless scalar field, setting our notation for the rest of this work. Then, we show that this simple cosmological system, on top to the invariance under time reparametrization, enjoys an additional invariance under the 1d conformal group, the scale factor transforming as a quasi-primary field under Mobius transformation of the time coordinates. The covariance under Mobius transformation of the cosmological action is shown to leads to three conserved Noether's charges. At the hamiltonian level, we show that these charges form an sl(2, R) structure on the phase space, and the cosmological dynamics can be fully reproduced by integrating the flow generated by these three Noether's charges. As a result, this simple cosmological system appears as a covariant version of the de Alfaro-Fubini-Furland conformal mechanics developed in the seventies [55] . This unexpected mapping between the simplest CFT 1 model and the homogeneous and isotropic sector of General Relativity allows to recast classical cosmology as a simple one dimensional conformal field theory and pave the way for a straitfroward quantization in term of SL(2, R) representations. In Appendix-A, we underline that this conformal structure extends beyond this simple system, including the (A)dS cosmology and the Bianchi I universe.
Lagrangian formulation: Symmetries and Noether Charges
Let us consider the FRLW geometry in the isotropic and homogeneous flat slicing
For an homogeneous minimally coupled massless scalar field φ, the symmetry reduced action of the Einstein-Scalar system integrated over a cell of volume V • reads: As it is well known, this theory enjoys a symmetry under arbitrary reparametrization of the time coordinate t, which manifest through the invariance under arbitrary rescaling of the lapse function N (t). More precisely, time reparametrization corresponds to the transformations
Due to this invariance, it is convenient physically to absorb the lapse in the time coordinate and write the action and the resulting equations of motion in terms of the proper time τ defined by dτ = N dt. The action then reads:
where the dot notation now stands for the derivative with respect to the proper time, a = da/dτ andφ = dφ/dτ . Then the variations with respect to the scale factor, the scalar field and the lapse function lead to the standard Friedman equations:
The first one corresponds to the acceleration equation, the second to the continuity equation while the third one is the standard first Friedman equation. Notice that the dynamics depends on the Planck length ℓ P = √ 8πG but not on the scale ℓ • associated to the fiducial cell.
Mobius covariance of the action
On top of the invariance under 1D diffeomorphism given by time reparametrization, it turns out that the cosmological action admits an unexpected time-dependent conformal symmetry. This invariance is clearer written in proper time. Starting from the action (2.4) given above, we perform a Mobius transformation of the proper time:
In particular, this implies the following Jacobian and transformation of the time derivatives:
The latter is the key identity to prove the invariance of the action:
with the total derivative term is given by:
Therefore, while the Lagrangian is not invariant, the action is modified by a total derivative and the equation of motion are therefore unaffected by the above transformations. This shows that the homogeneous and isotropic Einstein-Scalar action enjoys an additional Mobius covariance on top of the time reparametrization freedom of the action. These transformations can be understood as conformal transformations on the metric:
It worths pointing that such new continuous symmetry for homogeneous cosmology is a rather unexpected property since general relativity is not conformally invariant. This goal of this work is to discussed in detail this new conformal structure of the cosmological action.
It is interesting to translate this Mobius transformation in proper time in terms of coordinate time and lapse. Indeed, since the dτ = N dt, the relation between τ andτ can be achieved through different mappings from (t, N ) to (t,Ñ ). All these implementations in proper time are related to each other by time reparametrizations. The simplest realization is assuming that the coordinate time does not change,t = t, and absorb all the Mobius transformation in the transformation of the lapse function:
(2.13)
An important remark is that these transformations 1 explicitly involve the proper time τ (t) = dt N as a function of the coordinate time t.
Conformal transformation and Schwarzian action for Cosmology
Before computing the Noether charges associated with the Mobius invariance, we would like to consider general conformal transformations and show how the FLRW action is related to the Schwarzian action. Starting with the FLRW action (2.4) as an integral in proper time, we perform an arbitrary transformation of the proper time and assume that the scale factor transforms as a primary field of weight 1 3 (so that the 3D volume is of weight 1):
14)
A straightforward calculation allows to show that the variation of the action is given exactly by a Schwarzian action up to a total derivative:
where Sch[·] denotes the Schwarzian derivative, defined as:
(2.16)
This means that these transformations are a symmetry of the cosmological action if and only if the Schwarzian derivative vanishes, Sch[f ] = 0, which is true only for Mobius transformations:
This confirms that FLRW cosmology is invariant under sl(2, R) conformal transformations, on top of the 1D diffeomorphisms defined by time reparametrizations.
The associated Noether's charges
Thanks to the Noether's theorem, we known that any continuous symmetry of the action is associated to the existence of conserved charges. Let us now derive these charges. The Mobius transformations of the proper time (2.8) can be decomposed into combinations of translations, dilatations and special conformal transformations, whose infinitesimal actions read:
We shall therefore derive the Noether's charges associated to each of these elementary transformations.
• Translation:
Under an infinitesimal translation, the proper time τ is simply displaced with the offset, while the fields a(τ ) and φ(τ ) are simply reparametrized. This reproduces a straightforward infinitesimal time reparametrization:
The infinitesimal field variations are:
Computing the variation of the action at leading order in ǫ gives us the corresponding Noether charge:
The associated Noether charge is thus given by
which turns out to be exactly the Hamiltonian as we will see in the next section. We check that its time derivative can be entirely expressed in terms of the equations of motion (2.5) and (2.6) and thus vanishes on-shell:
where the equality= assumes the equations of motion E a = E φ = E N = 0.
• Dilatation: Consider now the dilatation by a factor λ = 1 + ǫ with ǫ ≪ 1 which transforms the proper time and the fields as
Under such infinitesimal transformations, the field variations are;
which leads to the following Noether charge:
The conservation of this charge can be checked by a direct calculation:
• Special conformal transformations: Consider now the special conformal transformations which consist in an inversion τ → −1/τ , followed by a translation and finally a second inversion. Under such infinitesimal special conformal transformations, one has
One obtains the following infinitesimal field variations:
from which one can derive the associated Noether charge:
The conservation of this charge can be checked directly assuming the equations of motion:
As expected, the new conformal symmetry under Mobius transformations of the action (2.2) leads to three time-dependent charges which are conserved in time. Looking carefully at their structure, it appears that the charge Q − associated to the translations should correspond the Hamiltonian, while Q 0 and Q + seems to be the evolving constants of motion respectively for a 2ȧ and a 3 . In the next section dedicated to the Hamiltonian analysis of the system, we will confirm this interpretation and further show that these three Noether charges indeed form an sl(2, R) algebra as expected. This will turn out to have far reaching consequences both classically and quantum mechanically. Nevertheless before proceeding to the canonical analysis of the cosmological action,we would like to show how this conformal structure becomes apparent through a simple change of variables. This will provides a direct mapping between FLRW cosmology and to the conformal mechanics developed by de Alfaro, Fubini and Furland [55] , which is now involved in the study of the AdS 2 /CFT 1 correspondence.
Mapping to conformal mechanics
The adverted reader would have noticed the close analogy of the above conformal symmetry of the action with the well known conformal mechanics introduced by de Alfaro, Fubini and Furland [55] . It turns out that this analogy can be made explicit by a change of variables. Let us therefore introduce the new set of variables
From the continuity equation (2.6), we know that β is a constant of motion. In term of these variables, the FLRW cosmological action reduces 2 to:
This recovers the exact action of conformal mechanics introduced by dAFF in [55] . From this point of view, the analogy with the dAFF model is made explicit. Now, it is well known that this system enjoys an invariance under the 1d conformal group, and provides an example of a 1D conformal field theory [55] It has been studied intensively over the last decades, see for examples [56] [57] [58] [59] [60] [61] as well as [62] [63] [64] [65] [66] for several applications to black holes. Its equation of motion reads simply
The Noether charges associated to the conformal invariance are given by [55] :
such that their time derivatives are all proportional to the equation of motion and thus vanish on-shell:
Consequently, the cosmological action (2.2) can be mapped to the dAFF model. We point out that it is nevertheless quite surprising that the homogeneous and isotropic sector of the Einstein-Scalar system reduces to such one-dimensional conformal field theory. Before concluding this section, let us discuss a subtlety of the conformal mechanics. In two dimensions, a CFT is associated to a Virasoro symmetry and thus an infinite set of conserved charges generating the 2d diffeomorphism. It was shown in [80] [81] [82] that conformal mechanics is also equipped with an infinite set of conserved charges which form an w ∞ algebra, a subsector of which is the Virasoro algebra. However, because the system contains only a finite number of degrees of freedom, contrary to the two dimensional case, the charges forming this infinite set are not independent and boil down to combination of the three conserved charges generating the SL(2, R) algebra. This is a special property to keep in mind when dealing which such one dimensional conformally invariant system. It would be interesting to understand how this infinite set of charges can be constructed in our cosmological model. We leave this for future work.
Having presented the conformal invariance of the cosmological system (2.2) at the Lagrangian level, we turn now to the Hamiltonian formulation, which will allows us to compute the charge algebra and exhibit the underlying sl(2, R) structure of the phase that we shall use as a guiding line through the quantization.
Hamiltonian formulation
Let us now proceed to the canonical analysis of the cosmological action (2.2):
where a ′ and φ ′ denote the derivative with respect to the coordinate time t. Its Hamiltonian form is obtained by a Legendre transform. We compute the conjugate momenta to the configuration variables (a, φ):
with physical dimensions [π a ] = [a] = 1 and [π φ ] = L. The symplectic structure is given by the canonical Poisson brackets between pairs of conjugated variables:
The cosmological action can then be written as:
with the Hamiltonian given by:
(2.45)
As usual, the lapse function N is not a dynamical variable and plays the role of a Lagrange multiplier enforcing the scalar constraint H ≃ 0, with physical dimension [H] = L −1 . While the Hamiltonian generates the evolution in the coordinate time t, the scalar constraint H generates the evolution in proper time τ . So, for an arbitrary observable O of the cosmological phase space, we have:
It is convenient to introduce a new set of canonical variables. We define the rescaled 3d volume as:
Its associated canonical variable is given by the Hubble factor b which reads
Its physical dimension is as expected an inverse volume, [b] = L −3 . In terms of this pair of canonical variables, the Hamiltonian becomes
proportional to the Planck length. Let us now look at the evolution induced by this cosmological Hamiltonian. In particular, we will see that, as introduced in [52, 53] , the volume forms a closed sl(2, R) Lie algebra together with the scalar constraint and the integrated extrinsic curvature. Moreover, we will identify them as the Noether charges for the Mobius transformations.
The CVH algebra
Let us look at the evolution of the cosmological variables. First, since the Hamiltonian does not depend on the scalar field φ for this simple system, it is then easy to see that its conjugate momentum π φ is a constant of motion:
This translates the continuity equation (2.6) to the Hamiltonian framework. Now, in order to derive the evolution of the geometrical sector, it is useful to introduce the trace of the extrinsic curvature Tr(K), integrated over the fiducial cell living in the spatial hypersurface Σ:
This phase space function C can be identified as the dilatation generator 3 on the geometrical sector parametrized by the 3D volume and its conjugated variable, the Hubble factor b. It turns out that C is the speed of the 3D volume in proper time:
Then the time derivative of the dilatation generator is the Hamiltonian itself:
The system of differential equations closes and can be integrated. Moreover, the Poisson brackets of the three variables v, C and H form a closed Lie algebra:
This forms an sl(2, R) Lie algebra, which we shall refer to as the CVH cosmological algebra. This algebra encodes how the basic physical quantities, the Hamiltonian and the volume, transform under scale transformations. This structure was previously noticed and used in alternative models of quantum cosmology in [52] [53] [54] .
We can map the C, v and H observables to the usual basis of the sl(2, R) Lie algebra by
with the standard commutation relations:
The factor σ is an arbitrary parameter, also present in the quantum realization of conformal mechanics [55] . It is the proportionality factor in front of the 3d volume and the scalar constraint realized as null generators of the sl(2, R) algebra:
We can compute the Casimir of this sl(2, R) algebra:
The Casimir is negative and turns out to be proportional to the constant of motion π 2 φ which corresponds to the kinetic energy of the scalar field. Upon quantization of this system, this means that cosmological system gravity plus matter would be described by sl(2, R) unitary representations representations from the continuous principal series [52, 53] . The vacuum case, i.e π φ = 0, would then correspond to a null representation with vanishing Casimir (up to possible quantum correction due to operator ordering).
We would like to point out that the CVH algebra also applies in the presence of a nonvanishing cosmological constant Λ = 0, in which case the Hamiltonian constraint becomes a time-like or space-like generator depending on the sign of Λ (see Appendix-A for more details), and in the presence of anisotropies as in the Bianchi I model.
We will see below that this sl(2, R) symmetry is the Hamiltonian counterpart of the invariance of the action under Mobius transformations. More precisely, we will show that CVH generators can be mapped onto the Noether charges for the conformal transformations.
Charges algebra and their infinitesimal action
The Noether charges for the Mobius transformations, derived in the previous section 2.1.3, admit a simple expression in terms of the canonical variables:
These expressions allow to compute the Poisson brackets of the Noether charges and show that they also form a closed sl(2, R) algebra:
Furthermore, since the Q's are constant of motions,Q µ = 0, we can read the trajectories for the 3D volume and the integrated extrinsic curvature:
In particular, the Noether charges are the initial conditions, i.e. the values of v, C and H at τ = 0. For physical trajectories of the Einstein-scalar system, the scalar constraint vanishes, H = 0, and we are in the special case where C is also a constant of motion. Finally, we would like to show that the Noether charges indeed generate the Mobius transformations (2.8). It is straightforward to compute their Poisson brackets with the basic variables and check that they reproduce the infinitesimal variations of the fields under conformal transformations derived earlier in section 2.1.3. Let us focus on the scale factor a; we obtain: 
Cosmological trajectories from SL(2, R) Flow
Since the Poisson brackets of v, C and H form a closed sl(2, R) Lie algebra, it is possible to exponentiate this CVH algebra and derive the flow generated by these three observables as flows in the Lie group SL(2, R). In particular, as shown in [52] , this allows to exponentiate the scalar constraint and integrate the evolution in proper time in terms of SL(2, R) group elements, leading to a group theory description of the cosmological trajectories.
To this purpose, it is convenient to use the representation of SL(2, R) group elements as SU(1, 1) matrices. Following [52] , we introduce the Hermitian 2×2 matrix formed by the sl 2,R generators:
Writing linear combinations of v, C and H as su(1, 1) Lie algebra vectors, η · J = η z j z − η x k x − η y k y , the Poisson brackets can be expressed in a compact manner as a matrix multiplication:
in terms of Lorentzian Pauli matrices,
These matrices square to the identity, λ 2 z = I but λ 2 x = λ 2 y = −I, and satisfy the su(1, 1) commutation relations:
This formulation leads to a simple formula for the exponentiated action of Lie algebra vectors on the matrix M : 1) .
(2.66)
We apply this formula to the Hamiltonian flow of the scalar constraint e −τ {H,·} . Since
is a null generator in sl(2, R), we obtain null SU(1, 1) transformations:
where (λ x − λ z ) is a nilpotent matrix with vanishing square. Acting by conjugation with this group element on the generator matrix, M (τ ) = G τ M (0) G −1 τ gives the time evolution of the su(1, 1) generators 4 , from which we get the trajectories of the cosmological observables in proper time (or equivalently in the gauge N = 1):
where v (0) denotes the initial condition for the volume at τ = 0 and so on. This allows to recover the exact same formula for the cosmological trajectories (2.60) as we derive using the conformal Noether charges in the previous section 2. 
(2.69)
The value of the dilatation generator is fixed by the scalar field momentum, up to a sign, by solving the Hamiltonian constraint:
The sign decides if we are in a contracting or expanding phase. Unfortunately, this method does not provide the evolution of the scalar field. We have to integrate its equation of motion by hand,
The evolution of the sl(2, R) generators under the Hamiltonian flow generated by the scalar constraint H is quadratic in the flow parameter η = τ /2κσ:
The evolving cosmological observables, generated by the exponentiated Poisson action of the scalar constraint exp [ − τ {H, ·}], still form a sl(2, R) Lie algebra, just as the original phase space variables v, C and H. We refer to it as the dynamical CVH algebra for FLRW cosmology:
This explains why both the v, C, H observables and the Noether charges Q±, Q0 both form sl(2, R) algebras.
We can write it in a deparametrized fashion by getting rid of the time variable, reflecting the invariance of the theory under time reparametrization: v = v (0) e ±κ(φ−φ (0) ) .
(2.72)
This describes the cosmological evolution in terms of the scalar field φ used on an internal clock, with two regimes corresponding to contracting or expanding trajectories. To summarize, the CVH algebra formed by the 3D volume v, the integrated extrinsic curvature C and the scalar constraint H, endows the cosmological phase space and trajectories with a SL(2, R) group structure generated by the Noether charges resulting from the invariance of the original action under Mobius transformations in the proper time. This sl(2, R) structure is a powerful tool at both classical and quantum level. Indeed, it entirely characterizes the model. In particular, preserving this sl(2, R) structure and thus the conformal invariance at the quantum level will provide a stringent criteria to fix all quantization ambiguities, as we will see in section 3.
AdS 2 as the cosmological phase space
Before closing this section devoted to the classical theory, we would like to stress one more interesting side product of the sl(2, R) structure of the cosmological system. We have seen in Section-2.1.4 that the cosmological action can be recast into the dAFF model [55] . This CFT 1 has known a renewed interest over the last years with respect to the low dimensional AdS 2 /CFT 1 correspondence as a potential candidate for the holographic dual of the two dimension gravity side. From this relation, one could wonder if there is any relationship between our cosmological model and the AdS 2 geometry. As we are going to see, a rather intriguing relationship can indeed be established at the level of the phase space, which relates the cosmological singularity to the null infinity of AdS 2 . While we only briefly mention this link, it would be interesting to investigate it further in the future.
AdS 2 geometry
Let us review the basic properties of the AdS 2 geometry. Using global coordinates t ∈ R and r ∈ R + , the AdS 2 metric reads where the energy E > 0 is an arbitrary constant. The solutions, with initial condition r = 0 at τ = 0, are given by
So, only massless particles following light-like geodesics can propagate towards arbitrary large radius r, while massive particles following time-like geodesics always follow bounded trajectories and cannot approach the time-like boundary at asymptotic r → +∞. Furthermore, an efficient method to explore the various foliations and parametrizations of the AdS 2 geometry is to start with its embedding in the three-dimensional Minkowski space. Calling the 3D coordinates (X 0 , X 1 , X 2 ), the AdS 2 geometry is defined as the onesheet hyperboloid:
with the induced metric inherited from the flat 3D metric, ds 2 = dX 2 0 − dX 2 1 − dX 2 2 . The standard form of the metric (2.73) is obtained by using the coordinates
(2.77)
Another useful coordinates system (η, u) with u > 0 corresponds to the Poincaré patch and is defined by
78)
leading to the line element
Using the coordinate z = 1/u instead, it takes the simpler form of a conformally rescaled two-dimensional Minkowski space-time:
(2.80)
AdS 2 as the phase space metric
Having review the basic properties of the AdS 2 geometry, we now show that the cosmological phase space can be endow with the AdS 2 Lorentzian metric and discuss the interpretation of the physical cosmological trajectories and the singularity from the AdS 2 point of view.
The cosmological phase space for FRW cosmology coupled to a homogeneous scalar field is a four-dimensional manifold parametrized by the four variables (φ, π φ , b, v). Putting the scalar field φ aside and working at fixed scalar field momentum π φ , we have parametrized the two-dimensional gravitational sector (b, v) using the triplet of variables (C, v, H) satisfying the quadratic condition:
Moreover, we have shown that this triplet of variable generates SL(2, R) group transformations on the cosmological phase space. Mapping this triplet of variables with the sl 2 generators in the standard basis,
the quadratic condition above is simply understood as the Casimir equation for the sl(2, R) algebra.
We can write this in terms of metrics on the phase space. We start with the flat 3D metric:
and impose the Casimir equation
AdS with the hyperboloid radius given by ℓ AdS = π φ /κ. The correspondence with the AdS 2 parametrizations is simply given by X 0 = j z , X 1 = k x and X 2 = k y , from which we can deduce the relation with v and b. For instance, re-introducing the variables v = j z + k x and b = v −1 k y , valid on the half-AdS 2 patch with v > 0, gives the 2D metric:
which is nothing else than the AdS 2 metric 6 presented in (2.79). The b-axis at vanishing volume v = 0 represents the cosmological singularity, but also defines the configuration space of a quantization in terms of wave-functions Ψ(b). Different coordinates choices allow to provides alternative intuitive picture of the cosmological singularity 7 . Among the different coordinates choice, the Poincaré patch is defined 6 We can compute its Killing vectors and check that this is a maximally symmetric 2D manifold with three Killing vectors:
which we recognize as the Hamiltonian vector fields for the three observables respectively v, C and H. 7 Another interesting compactification of the AdS2 metric is given by the light-cone variables (see e.g. [72] for a review of various parametrization of the AdS2 space-time). These u± coordinates are the ones that transform under Moëbius transformations:
by switching v into v −1 making explicit that the AdS 2 metric is conformally equivalent to the 2d Minkowski metric:
In these Poincaré coordinates, the cosmological singularity v → 0 is mapped to the boundary of AdS 2 at null infinity. So the gravitational phase space at fixed matter conjugate momentum π φ can be identified to the Lorentzian 1+1-dimensional AdS 2 manifold with constant curvature, defined as the group quotient SL(2, R)/SO(1, 1), with the AdS 2 geodesics corresponding to the flows generated by SL(2, R) group elements. More precisely, the geodesics are drawn by the SL(2, R) action generated by exponentiating the Hamiltonian flow of sl(2, R) algebra vectors η · J ≡ η H H + η v v + η C C. The first term generates time evolution according to the scalar constraint H and η H is interpreted as the lapse. The second term coupling η v is proportional to the cosmological constant, while the third term generates scale transformations.
From AdS 2 geodesics to physical cosmological trajectories
Endowing the cosmological phase with the AdS 2 metric leads to a mapping of the cosmological trajectories generated by the scalar constraint to geodesics of AdS 2 . First focusing on the case of a vanishing cosmological constant Λ = 0, the scalar constraint is a null generator in the sl(2, R) algebra, so physical trajectories for such universe should correspond to geodesics of photons on AdS 2 as given by (2.75) . Another way to derive this is to see that the scalar constraint H = 0 implies that v 2 b 2 = ℓ 2 AdS , or equivalently z = B using the Poincaré coordinates, in which case the line element vanishes ds 2 z=B = 0. These geodesics are at C = k y = X 2 constant equal to ℓ AdS . This null ray z = B becomes r = ℓ tan(ℓ −1 t) in the original AdS 2 parametrization (2.73). Then these physical cosmological trajectories follow the flow of H up to the cosmological singularity at null infinity in AdS 2 .
It is tempting to view a nearly singular universe as a massless test field approaching the null-infinity of AdS 2 . From this perspective, it would be interesting to see whether In these variables, the metric takes an extremely simple form:
which is invariant under the Moëbius transformation: numerous investigations and results concerning the physics near the boundary of AdS 2 (among which chaos properties) could be relevant to discuss the regime where a contracting universe approaches the singularity and the fate of the cosmological singularity.
Let us now consider the case Λ = 0. As shown in Appendix-A, depending on whether Λ < 0 or Λ > 0, the scalar constraint can be re-written as a space-like, (respectively timelike) generator in the sl(2, R) algebra. Following the previous discussion, the phase space trajectories of such AdS or dS flat cosmologies would correspond to space-like or time-like geodesics on the AdS 2 phase. It is interesting to notice that, because of the infinite potential barrier in AdS 2 , such geodesic can never reach the boundary of AdS 2 . This fits well with the fact that AdS or dS flat cosmologies are actually free of singularity, being constant curvature spacetimes.
Quantum Cosmology and CFT correlators
We turn now to the quantum theory. Different approaches can be used to perform the quantization of this simple cosmological system. In the following, we shall focus on the canonical Wheeler-de Witt (WdW) quantization scheme and revisit the quantization procedure to implement the newly found conformal symmetry. With this simple quantization, we then show how the standard CFT correlators emerge in quantum cosmology as the overlap for the evolution of coherent wave-packets. This last proof will be developed in close analogy with [71] .
Wheeler-de Witt SL(2, R) quantization
The construction of the quantum theory is straightforward. The Hamiltonian scalar constraint is quantized into the Wheeler-de Witt (WdW) differential equation, which is a Klein-Gordon-like equation relating the variation of the wave function with respect to the gravitational degrees of freedom and the matter degrees of freedom. It is a timeless equation (with no explicit time derivative) reflecting the well-known problem of time occurring for systems invariant under time-reparametrizations: the time coordinate disappears in the quantum theory, one then has to reconstruct a time flow, or internal clock, from the timeless observables and operators.
As any canonical quantization scheme, the definition of the quantum theory faces ambiguities. However, the unexpected conformal symmetry of the FLRW action provides a useful criteria to narrow these quantization ambiguities. Below, we revisit the standard WdW quantization in the light on this new invariance of FLRW cosmology under Mobius transformations. This provides a preferred factor ordering and leads to physical wavefunctions of the universe solution to the WdW equation and provided with a physical inner product.
Let us start with the FLRW phase space, provided with its canonical brackets,
and the scalar constraint for flat FLRW cosmology coupled a massless scalar field:
with the Planck length (up to a numerical factor) κ = √ 12πG. Let us quantize this in the (v, φ)-polarization i.e. using wave-functions Ψ(v, φ) depending on the volume v and scalar field φ. The canonical variables are raised to differential operators:
The next step is to quantize the three observables C, v and H and find a suitable factor ordering ensuring that the CVH operators still form a closed sl(2, R) Lie algebra, ensuring that the algebraic structure of the conformal Noether charges is carried to the quantum level. The subtle technical point is the inverse volume factor 1 v in the scalar constraint. In order to avoid that this becomes an issue, we work with wave-functions on the positive real half-line v ∈]0, +∞[. The inverse volume v −1 becomes a legitimate quantum operator acting by multiplication, but we give up exponentiating the operatorb into finite translations on the real line.
A remark is in order before going any further. The restriction of the volume to the half-line R * + is natural as we switch our focus from the canonical observable b, which generates translations in v, to the dilatation generator vb, which generates rescalings of v. It is interesting to note that switching between momentum variable and dilatation generator is the simplest way to derive the Unruh radiation [83] and that this suggests a shortcut to deriving the temperature associated to the FLRW space-time. We should also mention that restricting to v ∈ R * + is not a trick to avoid the singularity. Indeed, it does not remove the singularity since divergence and accumulation can still occur as v → 0 + . The absence of singularity would amount to showing that no semi-classical wave packet can evolved such that it ends up peaked around v ≃ ǫ with ǫ → 0 + . We underline that the goal here is not to discuss the fate of the cosmological singularity, but to identify a Wheelerde Witt quantization of the FLRW cosmology compatible with the sl(2, R) structure and study its reformulation in CFT terms. Let us nevertheless remind that the Wheeler-de Witt quantization is typically not enough to capture the singularity resolution, and more refined quantization schemes have to be used to discuss the quantum UV completion of gravitational system. For instance, [52] discusses a polymer quantization of FLRW cosmology, preserving the conformal symmetry at quantum level and leading to a resolution of the singularity.
Let us now quantize the three observables C, v and H and in particular properly define a Hamiltonian constraint operator H:
4)
This factor ordering is the unique choice ensuring that the operators are Hermitian 8 for the scalar product Ψ|Ψ ′ = dv dφΨΨ ′ and form a closed sl 2 Lie algebra as wanted:
The Casimir of this sl 2 algebra is given by the energy-momentum of the scalar field:
The 1 4 term fits well with the Casimir formula for the continuous series of unitary SL(2, R) representations (see Appendix B or [84] [85] [86] for details on the representation theory of the Lie group SL(2, R) ∼ SU(1, 1) ).
The scalar constraint H Ψ = 0 now becomes a 2nd order Wheeler-de Witt equation:
The standard way to solve such a Klein-Gordon-like equation is to separate the variables,
, and diagonalizes the two differential operators in v and in φ on their own. Diagonalizing the scalar field momentum π φ with plane waves, we are left with a second order differential equation 9 on ψ(v) for the geometrical sector:
This Euler differential equation is easily solved by complex power laws:
These plane waves in φ and ln v provide a basis for the physical cosmological states solving the Hamiltonian scalar constraint. The two possible signs reflect the existence of the two contracting and expanding phases of the classical cosmological evolution. The original scalar product is sill-defined on those solutions of the WdW equation. Actually the two integrations over v and φ appears to be redundant. In this situation, 8 The choice of scalar product of course changes the operator ordering ensuring that the operators are Hermitian. For instance, the scalar product Ψ|Ψ ′ n = 1 v dv dφΨΨ ′ leads to the normal ordering for the CVH operators:
whose commutators also form a closed sl(2, R) Lie algebra. 9 The case of a vanishing scalar constraint HΨ = 0 is a singular case of the more general eigenvalue problem HΨ = κ 2 µΨ for µ ∈ C. In the general case, the differential equation reads:
This is solved by modified Bessel functions ψ(v) ∝ I±2ip(2 √ 2µv). The fact that the "physical" case µ = 0 is a singular limit begs the question of the relevance of possible energy off-set to the scalar constraint operator H due to quantum corrections.
it is understood that one should switch from the kinematical scalar product Ψ|Ψ ′ = dv dφΨΨ ′ to a physical inner product suited to the solutions of the WdW equation. One typically fixes the integration over v or over φ:
where we assume that the positive sector spanned by wave-functions Ψ + p and the negative by wave-functions Ψ − p are by definition orthogonal. A less ad hoc prescription based on the classical analysis of symmetries, equations of motion and Dirac observables amounts to the integration over the classical trajectories:
The scalar product ·|· + phys is adapted to the positive modes Ψ + p while the scalar product ·|· − phys is adapted to the negative modes Ψ − p :
which does not depend on the arbitrary constant v 0 . Having to distinguish between positive and negatives modes is similar to distinguishing between positive and negative energy modes when solving the Klein-Gordon equation. Let us conclude with a remark on the action of the CVH operators on the space of physical wave-functions. Operators such as the volume v are now either ill-defined or not Hermitian anymore with respect to the physical scalar product. This is not a deep problem once we remember that the volume v is not a Dirac observable. In particular, it does not legitimately act on the space of solutions to the Wheeler-de-Witt equation: if H Ψ = 0, then H v Ψ generally does not vanish, as we can check for all basis solutions Ψ ǫ p . On the other hand, the dilatation operatorĈ = i(v∂ v + 1 2 ) is still well-defined and Hermitian. This works because C is classically a Dirac observable on physical trajectories at H = 0.
This realizes the canonical quantization of FLRW cosmology, respecting the sl(2, R) symmetry induced by the invariance under Mobius transformations. A different perspective of the quantization would be to forget the original variables v and b, and to shift the focus entirely on the CVH variables. One would start with the sl(2, R) commutators (3.5) between v, C and H, and the sl(2, R) Casimir equation (3.6). One would thus quantize the system directly as an irreducible SL(2, R) representation determined by the value of the scalar field momentum π φ . The SL(2, R) action on the Hilbert space then gives the integrated flow of the three basic operators v, C and H. This path described in [52, 53] is ultimately equivalent to the WdW quantization described above, but it nevertheless provides with the whole toolbox of the standard basis of sl(2, R) operators, their action and eigenvectors. It is actually this purely algebraic point of view that we will take below in the next section in order to connect with the conformal field theory (CFT) framework and realize the CFT 2-point function as a cosmological wave-function overlap.
CFT Correlators as Wave-packet Overlap in Quantum Cosmology
It is important to keep in mind the conformal invariance of the action of FLRW cosmology is valid off-shell, without necessarily restricting to "physical" trajectories satisfying the scalar constraint H = 0. This symmetry applies to the flow of all observables on the full phase space of the theory. At the quantum level, this means that the conformal Noether charges act on the whole kinematical Hilbert space before imposing the scalar constraint operator. Been able to study the whole space of states, and not focusing only on the solution to the present WdW equation HΨ = 0, will be especially relevant when the scalar constraint will acquire extra terms either by adding extra matter field or by adding extra interaction terms such gravity modifications or a potential for the scalar field.
Here we would like to show how the Hilbert space for FLRW cosmology carries a representation of CFT 1 , and in particular how CFT correlation functions emerge from the quantum cosmology setting.
Let us start by describing how quantum cosmology could be recast in CFT terms, following what was done for conformal quantum mechanics [71] . In a conformally invariant field theory, a primary operator would be defined as an operator O ∆ (τ ) satisfying the following commutations relation with the conformal generators H, C and v,
Now imagine starting with a normalized and conformally-invariant vacuum state |Ω , which therefore satisfies H|Ω = C|Ω = v|Ω = 0 (3.15) then the two-points correlation function of the primary operator O(τ ) at two different times τ 2 and τ 1 evaluated on this vacuum state are given by 16) and so on the higher order correlators. As underlined in [71] , such a vacuum state can not exist due to the non-null sl(2, R) Casimir equation (3.6) and there does not exist such a primary operator. A method was nevertheless outlined how to recover the CFT correlators from quasi-primary operators acting on non-normalizable and non-sl(2, R)-invariant states. We follow the same approach here and further show that it corresponds to looking at the time evolution of the dual of coherent cosmological wave-packets.
In the following, in this whole section, we will fix the eigenvalue of π φ and focus on the dynamics of the geometrical sector of the wave-function. This amounts to considering wave-functions Ψ(v, φ) = e iπ φ φ ψ(v) and consider all the operators as acting as differential operators in the volume v on the wave-functions ψ(v).
Let us consider the operators
where the dilatation generator C = −i[ v, H] is the speed of the volume in proper time. Using the expression of v and C as differential operators given in (3.4), we can diagonalize the operator A for an arbitrary complex eigenvalue ∆ ∈ C:
The eigenvalue ∆ actually gives the expectation values of both the volume v and the integrated extrinsic curvature C, giving the states ζ (∆) the interpretation of coherent wavepackets:
where Re(∆) and Im(∆) stands respectively for the real and imaginary parts of ∆ ∈ C.
Note that that states are not necessarily normalizable,
which converges if and only if 2Re(∆) > 0, i.e. if the expectation value for the volume is strictly positive v ∆ > 0. We are interested in the time evolution of those coherent wave-packets: 20) and more precisely in the overlap between the same state evolved to different times:
which depends only the time difference (τ 2 − τ 1 ).
We will show below that this quantum state overlap is exactly the CFT 1 2-point function and decrease as |τ 2 − τ 1 | −1 for a specific choice of ∆ defining the CFT 1 vaccuum state. Moreover we will formulate this two-point function as the time correlation of vertex-like operator acting on the state solving the Hamiltonian scalar constraint H |Ω = 0. This physical state turns out to play the crucial role of the CFT 1 vaccuum state.
The proof relies mostly on the sl(2, R) Lie algebra structure of the CVH operators and on their resulting time evolution under the flow generated by the scalar constraint operator H. Then we choose the highest weight for the sl(2, R) algebra, which will lead to the expected result.
3.2.1
The two-point function from the sl(2, R) structure
As we have seen in the previous section 3.1, our specific choice of operator ordering ensures that the classical sl(2, R) structure of the CVH observables carries on to the quantum level. The mapping of the CVH algebra,
to the sl(2, R) Lie algebra standard basis is a simple linear map:
with the sl(2, R) commutators:
It is convenient to write in terms of the lowering and raising operators of the sl(2, R) Lie algebra, in order to connect with the operators A and A † :
This Lie algebra structure is immediate to integrate to SL(2, R) Lie group flows. This gives the same proper time evolution for the quantum operators as the classical trajectories:
Plugging these expressions in the definition of the operator A gives its time evolution. In particular, this shows that A and A † are thermal evolutions of theĵ z operator, i.e. evolution in imaginary proper time:
This allows to map eigenstates of the A operators to eigenvectors of the sl(2, R) Cartan operatorĵ z :
We are now ready to compute the overlap resulting from the time evolution of the eigenstates of A: , we compute its time derivative:
27)
A few algebraic manipulations 10 leads to:
Thus assuming that the state |∆ is a highest weight vector,k + |∆ = 0 leads to the elegant equation:
which integrates the expected simple behavior for the two-point function:
Finally, since the sl(2, R) Casimir of the CVH algebra is determined by the scalar field momentum π φ , it also determines the lowest weight of the corresponding representation as we review below.
SL(2, R) irreducible representations and lowest weight vector
The Casimir equation (3.6) leads to a negative sl(2, R) Casimir, as expected from the classical theory: As underlined in the thorough analysis of the eigenstates of all sl(2, R) operators in SL(2, R) unitary representations presented in [87] , the operatorĵ z admits eigenfunctions for all complex eigenvalues ∆ ∈ C. These are generally non-normalizable states, they live in the space 10 Expressing the dilatation generator back in terms of the A operator gives a simple expression:
which leads to:
Plugging these into the derivative of the two-point function (3.27) leads to the result (3.28).
of slowly increasing wave-functions, which is much larger than the Hilbert space of L 2 wavefunctions. The fact thatĵ z is self-adjoint means that the eigenfunctions for real eigenvalues ∆ ∈ R span the Hilbert space of quantum states and form a decomposition of the identity.
In this context, our proposal is to use the (non-normalizable) highest weight vector |j, ∆ 0 for the mapping of FLRW cosmology to a CFT 1 . This vector satisfiesk + |j, ∆ 0 = 0, which determines the eigenvalue:
Let us point out that this leads to an a priori negative expectation value for the volume operator v ∆ = −σκ 3 < 0 and is actually a non-normalizable state
Merging with the result of the previous section, this determines the eigenvalue ∆ entering the equation (3.30 ) and leads to the expected decreasing behavior for the overlap:
The divergence at the initial time, as τ → 0 + , reflects that the state is non-normalizable. This fits with the results of [71] obtained for irreducible unitary SL(2, R) representations from the principal discrete series, with positive Casimir. In that case, the scaling dimension depends explicitly on the considered representation. Here in our case, considering irreducible unitary representations from the principal continuous series, with negative Casimir, the representation label s = π φ /κ does not affect the scaling of the time overlap function.
Vaccuum state and quasi-primary operator
We have to identified the CFT 1 two-point function G(τ 1 , τ 2 ) to the overlap of the evolution in proper time ζ τ 1 |ζ τ 2 . In order to truly understand the mapping of quantum FLRW cosmology to the CFT framework, we still need to write this correlation in terms of the two-point correlation of an observable insertion evaluated on a vaccuum state.
As for now, we have written the two-point function as:
evaluated on the states:
As a wave-function of the volume v, we have already computed the expression of the state |ζ (∆ 0 ) earlier in (3.25) . Choosing ∆ 0 = − 1 2 + iκ −1 π φ , we get:
It seems natural to use the physical state solving the scalar constraint as the vaccuum of quantum cosmology. As analyzed in the previous section 3.1 on the Wheeler-de Witt quantization, the physical state reads:
Clearly the eigenstates of A can be obtained from the physical state by the action of the equivalent of a vertex operator in our simple setting:
This means that the two-point function is obtained by the insertion of the time-evolved operator O σ (τ ) = e iτ H O σ e −iτ H :
The time ordered version of this operator correlation fits exactly with the wanted CFT two-point function:
This establishes the first step of a reformulation 11 of FLRW quantum cosmology as a CFT 1 . As explained in [71] , the caveat of this approach is that O σ is not a true primary operator. Its commutator with H and C involves non-trivial operators. However, it realizes the intuitive idea that the vacuum of the theory is the physical state annihilating the Hamiltonian scalar constraint.
More work is required to reformulate the 3-point function and higher correlations in cosmological terms, especially to analyze and get a deeper understanding of the notion of quasi-primary operators. In the meanwhile, the toolbox introduced here, using the sl(2, R) algebraic structure, allows quite generally to compute the time evolution of operators and time overlap of states (see e.g. the overlap of thermal dilatation eigenstates presented in appendix C).
Discussion
We have shown that FLRW cosmology, defined as the homogeneous and isotropic symmetry reduced action of the Einstein-Scalar system, enjoys a hidden conformal symmetry. Under Mobius transformation of the proper time, with the scalar factor transforming as a primary field, the dynamics of General Relativity minimally coupled to a massless scalar field, in such symmetry reduced situation, remains invariant. As expected from the Noether's theorem, this unexpected symmetry is related to three conserved charges. These charges are explicitly time-dependent. At the Hamiltonian level, these charges form an sl(2, R) Lie algebra and generate the infinitesimal translation, dilatation and special conformal transformations. They turn out to match the extrinsic curvature C, the 3D volume v and the Hamiltonian scalar constraint H, forming the CVH algebra unveiled in [52] [53] [54] . It is worth pointing that it is precisely this CVH structure which suggested the existence of the hidden conformal symmetry reported here. Finally, we have provided a precise mapping with the conformal quantum mechanics introduced by de Alfaro, Fubini and Furlan (dAFF) [55] , showing that the FLRW cosmology action written in proper time coincides with the conformal mechanics action. This suggests that the results and technics developed for the dAFF model might be applicable to FLRW cosmology.
At the quantum level, the conformal symmetry is a powerful criterion to narrow the quantization ambiguities, both for the canonical quantization or the path integral approach. We have focused our attention to the canonical quantization scheme and presented a new realization of Wheeler-De Witt quantum cosmology preserving the SL(2, R) symmetry. Then, we have shown how the standard form of the two-point CFT correlator can be reproduced in FLRW quantum cosmology as the overlap of coherent wave-packets evolving in proper time. It would be interesting to push further the computation of the three points functions in order to fully understand how CFT correlators can be reproduce in full generality.
Moreover, we point that the reformulation of FLRW cosmology as a CFT 1 presented here is somehow different from previous holographic investigations. In our case, the conformal invariance has been shown directly at the level of the gravitational action, and no duality has been used to capture the gravitational physics. This is not quite the same in the current black holes/CFT correspondences proposed so far, where some assumptions of the existence of a dual CFT is needed to import CFT results to the gravity side. In this work, all the results obtained are directly derived on the gravitational action. However, the results presented here might open the road to construct a FLRW/CFT correspondence where the dAFF model would provide the conformal dual of the FLRW gravity. Yet, this requires to precisely formulate on which boundary the conformal mechanics would live, and more work is needed to present a fully consistent holographic description of FLRW cosmology from our results. See [88] [89] [90] for some proposals concerning holographic quantum cosmology models.
From a general point of view, the results presented above might also be relevant when trying to construct a phase transition interpretation of quantum cosmology. Indeed, quantum cosmological spacetimes can only emerge through a coarse-graining of the underlying quantum geometry, since most of the degrees of freedom have been integrated out. The idea that quantum cosmological geometries correspond to phase transitions of the underlying quantum geometry, and thus to some fixed point of the renormalization flow, is not new. However, one needs to identify the conformal symmetry associated to this fixed point. Hence, the conformal structure presented here might provide the missing ingredient to construct such scenario. It would be interesting to discuss if one can make sense of this phase transition picture of cosmological spacetime in known models of quantum gravity such as the GFT condensates developed in [91] [92] [93] [94] . An interesting input suggested by our work would be to use the so called quintic non-linear Schrodinger equations (NLS) as mean field approximation schemes instead of the Gross-Pitaevskii's one, in order to take into account the newly found conformal symmetry. See [95] for details.
Moreover, the possibility to rewrite the cosmological action as a Schwarzian calls for additional investigations. It would be interesting to make contact with the recent works [96] [97] [98] [99] [100] concerning the Schwarzian theory. Additionally, the appearance of the AdS 2 metric on the cosmoloigcal phase space begs also for further investigations. In particular, a better understanding of the relationship between AdS 2 geodesics and physical trajectories of the universe in phase space could open interesting directions. For example, could the chaotic behaviour investigated in the context of AdS 2 have a cosmological interpretation [101] [102] [103] ? Interestingly, it might shed some light on the chaotic behavior of the universe near the singularity discussed in various cosmological models. See [104, 105] for details.
As a final comment, we point out that the conformal structure found here is not tied to the highly symmetric framework of homogeneity and isotropy. The CVH structure have been shown to hold for the Bianchi I model in [52] , while the deformation of the CVH algebra due to the inclusion of a cosmological constant is discussed in Appendix-A. A complete investigation of the fate of this conformal structure in a wider set of gravitational systems is mandatory. On-going efforts concerning the spherically symmetric Einstein-Scalar system will be presented in a future work. Moreover, the fate of this symmetry in presence of perturbative inhomogeneities would provide another interesting development. In particular, it is crucial to understand how cosmological perturbations break the conformal symmetry and whether perturbed CFT can provide an interesting platform to study the cosmological perturbations from a new perspective.
A Conformal structure of the homogeneous (A)dS universe
For the sake of completeness, we describe how the su(1, 1) structure extends to a nonvanishing cosmological constant. Although this will not be relevant to the rest of the discussion, in particular the cosmological constant does not enter the mapping of quantum cosmology onto conformal quantum mechanics, it seems instructive to take into account the role of the cosmological constant whenever possible.
Consider again the FLRW metric ds 2 = −N 2 (t)dt 2 + a 2 (t)δ ij dx i dx j (A.1) and the symmetry reduced action of the Einstein-Scalar system with a cosmological constant integrated over a cell of volume V
Let us now show how the CVH algebra is deformed by the presence of the cosmological constant.
A.1 The deformed CVH algebra
Performing the canonical analysis, the flat homogeneous and isotropic cosmology phase space with a non-vanishing cosmological constant is given by a modification of the Hamiltonian scalar constraint:
This changes the Poisson-algebra with the volume v and dilatation generator C. Indeed the cosmological constant comes in front a volume term in the Hamiltonian constraint, which does not scale as the other terms:
{v, H Λ } = κ 2 C , {C, v} = v , but {C, H Λ } = −H Λ + 2Λ 3κ 2 v . The CVH algebra is still closed but its identification to the su(1, 1) Lie algebra is slightly modified. We keep the same expressions for the dilatation generator and the volume C = K y , v = σκ 3 k x + j z , but we change the relation between the Hamiltonian constraint and the su(1, 1) generators:
So the Hamiltonian constraint is not anymore a null-vector of the sl(2, R) Lie algebra. It becomes a space-like vector generating boosts when Λ > 0, or a time-like vector generating rotations when Λ < 0. The dilatation C = vb is no more a constant of motion along the Hamiltonian trajectories. The replacing constant of motion is:
the equality holds on-shell, assuming that the Hamiltonian constraint is satisfied, H Λ = 0.
A.2 Physical trajectories from SL(2, R) flow
We can compute the evolution in proper time of v and C from the Hamiltonian flow generated by the scalar constraint H Λ and integrated in terms of SL(2, R) group elements, as explained in section 2.3 for the case Λ = 0. For Λ < 0, this leads to:
where cosh and sinh respectively stand for cosh[τ −2Λ/3] and sinh[τ −2Λ/3], and similarly with trigonometric functions for Λ > 0. These expressions are of course linear in the initial conditions v (0) , C (0) and H (0) . Inverting them to get the initial conditions in terms of v, C and H at arbitrary time will give time-dependent conserved charges, which should generate the SL(2, R) symmetry according to Noether. We postpone to future study the derivation of the corresponding precise action of Mobius transformations in the case with a non-vanishing cosmological constant at the level of the action (A.2). It is nevertheless interesting to notice that, according to the map to conformal mechanics, the modified scalar constraint (A.3) with Λ = 0 corresponds to a modified potential with an extra-term in q 2 besides the conformal potential term in q −2 .
B SL(2, R) Unitary Representations
At the quantum level, the commutators of the sl(2, R) ∼ su(1, 1) Lie algebra: The unitary (irreducible) representations of the sl(2, R) Lie algebra are obtained by making sure thatk † + =k − . This leads to three classes of unitary representations:
• The discrete series: We distinguish the positive and negative series, which consist respectively in lowest and highest weight representations. They are labelled by halfintegers j ∈ N 2 :
The Casimir is given by C = j(j+1) 0. These can be constructed from the canonical quantization of the pair of harmonic oscillators in the spinorial formulation used in [106] to define cosmological coherent states.
• The principal continuous series: they are labelled by a real positive number s ∈ R + and a parity ǫ = ±. Even parity representations are spanned by states with integer magnetic moment m ∈ Z while odd parity representations are spanned by half-integer states m ∈ Z + 1 2 :
The quadratic Casimir is now strictly negative, C = − s 2 + 1 4 < 0. It can be understood as C = j(j + 1) with j = − 1 2 + is. These are the SU(1, 1) representations that we use in the present work to quantize the cosmological phase space.
• The complementary series: They are labelled by a real number − 1 2 < j < 0 and interpolate between the discrete series starting at j = 0 and the principal continuous series on the imaginary line Re(j) = − 1 2 :
The Casimir is given by C = j(j + 1), with −1/4 < C < 0. These representations do not appear in the Plancherel decomposition for L 2 functions on SL(2, R).
C Time overlap of thermal dilatation eigenstates
In this section, we would like to consider eigenvectors of the "boosted" dilatation generator, C β := e +β H Ce −β H for an arbitrary real parameter β ∈ R. Using the explicit formula for the time-evolved operator C(τ ) = e +iτ H Ce −iτ H = C − τ H, derived from the SL(2, R) flow generated by the CVH operators, we easily get: which implies the scaling in time, g(τ ) ∝ (τ − 2iβ) 2Im(∆) . Notice that the computation of this overlap does not require the choice of a highest or lowest weight vector, as the two-point function computed in the body of the paper, which involves the volume operator v.
